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Abstract. Let X be a "nice" space with an action of a torus T. We consider 
the Atiyah-Bredon sequence of equivariant cohomology modules arising from 
the filtration of X by orbit dimension. We show that a front piece of this 
sequence is exact if and only if the (i?T)-module H^{X) is a certain syzygy. 
Moreover, we express the cohomology of that sequence as an Ext module 
involving a suitably defined equivariant homology o{ X. This can be combined 
with an equivariant version of Poincare— Alexander-Lefschetz duality, which we 
also establish. 

One consequence is that the GKM method for computing equivariant co- 
homology applies to a Poincare duality space if and only if the equivariant 
Poincare pairing is perfect. 



1. Introduction 

Consider an action of the torus T ^ {S^Y on a space X satisfying some mild 
conditions (stated in Sections 13.11 and 14. ip . Let Xi be the T-equivariant «-skeleton 
of X, i.e., the union of all orbits of dimension at most i. By work of Atiyah [3] 
and Bredon [B], the following "Atiyah-Bredon sequence" is exact if the equivariant 
cohomology H^{X) with rational coefficients is free over the polynomial ring R = 
H*{BT): 

(1.1) ^ H^{X) H^{Xo) H*+\Xi,Xo) > H*+''{Xr,Xr-i) 0. 

The part 

(1.2) 0^ff^(X)^H|,(Xo)^i?;+i(Xi,Xo) 

is also called the "Chang-Skjelbred sequence" because Chang and Skjelbred pUl 
Prop. 2.4] proved, roughly at the same time as Atiyah and Bredon, that (|1.2p is 
exact if H^{X) is free over R. This assumption is known to hold for large classes 
of spaces, including compact Hamiltonian T-manifolds [TH], [131 Prop. 5.8] and 
rationally smooth, complete complex algebraic varieties with an algebraic action 
of the complexification of T [1 Thm. II. 1.2], [H Thm. 14.1], In all these 

cases the sequence (|1.2p provides a powerful way to compute H^{X), including the 
cup product, out of data related only to the fixed points and the one-dimensional 
orbits. In the important special case where Xi is a union of 2-spheres, glued 
together at their poles, this is often referred to as the "GKM method", following 
work of Goresky-Kottwitz-MacPherson [20l Thm. 7.2]. It should be noted that one 
only needs exactness of a very small part of the Atiyah-Bredon sequence in order 
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to apply this method. This suggests that the sequence (jl.2p might be exact under 
much weaker assumptions than the freeness of H^{X). 
In this paper we address the foUowing questions: 

(1) Under which condition is the Chang-Skjelbred sequence exact? In other 
words: For which T-spaces does the GKM method work? 

(2) If the Atiyah-Bredon sequence is not exact, what is the meaning of its 
cohomology? 

In fact, we look at a more general question than ([1]): Under which condition 
is the Atiyah-Bredon sequence exact from the left up to (and including) the j-th 
position, i. e., up to the term H^{Xj, Xj^i)7 Here exactness at j = —1 has to be 
interpreted as exactness at H^{X). 

To answer this question, we need a notion from commutative algebra. A finitely 
generated _R-module M is called a j-th syzygy if there is an exact sequence 

(1.3) ^ M ^ ^ > 

with finitely generated free _R- modules , . . . , F^ . 

Theorem 1.1. The following conditions are equivalent for any 1 < j < r: 

(1) The Atiyah-Bredon sequence (jl.ip is exact at H^{Xi,Xi^i) for all —1 < 

(2) The restriction map H^{X) H^,{X) is surjective for all subtoriT' of T 
of rank r — j . 

(3) H^{X) is free over all suhrings H*{BT") C H*{BT) = R, where T" is a 
quotient of T of rank j. 

(4) H^{X) is a j-th syzygy. 

The case j = r implies Atiyah-Bredon's result as well as its converse, see Sec- 
tion EH 

To address the second question, we consider a suitably defined equivariant ho- 
mology HJ{X) of X. We stress that this is not the homology of the Borel con- 
struction Xt, see Section 13.31 Equivariant Poincare duality holds in the sense 
that for a rational Poincare duality space X of formal dimension n capping with 
the equivariant fundamental class gives an isomorphism H^{X) — j- H^{X) of de- 
gree —n. Moreover, let H*{AB*{X)) be the cohomology of the Atiyah-Bredon 
sequence (|l.ll) . considered as a complex of i?-modules and with the term H^{X) 
omitted. Our main result shows in particular that H*{AB*{X)) is completely 
determined by Hj{X): 

Theorem 1.2. Let X he a T-space. For all j > there is an isomorphism of 
R-modules 

W{AB*{X))^E^t^{Hj{X),R). 

In particular, if X is a rational Poincare duality space of formal dimension n, then 
for all j > there is an isomorphism of R-modules of degree —n 

W{AB*{X)) = Extjj(i?|,(X),i?). 

The Atiyah-Bredon sequence is the Ei page of the spectral sequence induced by 
the equivariant skeletons Xi and converging to H^{X). Similarly, Ext^(iJj(Ar), R) 
is the E2 page of a universal coefficient spectral sequence computing H^{X) out 
of the equivariant chains on X, see Section 13.41 In Theorem 14.51 we strengthen 
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Theorem 11.21 by proving that these two spectral sequences are actually isomorphic 
from the E2 page on. 

Recall that an i?-module M is called reflexive if the canonical map 

(1.4) M Homj^(Homj^(M, R), R) 

is an isomorphism. Moreover, a (graded symmetric) i?-bilinear pairing M x M ^ R 
is called perfect if it induces an isomorphism M — j- Homfl(M, R). 

The following result is an immediate consequence of Theorems 11.11 and 11.21 It 
essentially answers an open point raised by Guillemin-Ginzburg-Karshon, see Re- 
mark [STHl 

Corollary 1.3. Let X be a rational Poincare duality space. Then the following are 
equivalent: 

(1) The Chang-Skjelbred sequence (jl.2p is exact. 

(2) The R-module H^(X) is reflexive. 

(3) The equivariant Poincare pairing H^{X) x H^{X) — )■ R is perfect. 

For any j > — 1 there are T-spaces such that the sequence (|l.ip is exact from 
the left up to the term H^-' {Xj,Xj-i), but not further, see Section [7.21 The 
situation changes if one restricts to rational Poincare duality spaces: Allday [T] has 
shown that in this case torsion-freeness of H^{X) implies freeness if r = 2, i. e., 
a T ^ X . There are counterexamples for r > 3 due to Franz and Puppe, 
cf. Section 17.31 The correct generalization of Allday's result says roughly that if 
the first half of the Atiyah-Bredon sequence is exact, then so is the rest: 

Corollary 1.4. Let X be a rational Poincare duality space. If the Atiyah-Bredon 
sequence (jl.ip is exact at H^(Xj, Xj^i) for all j < r /2 — 1, then H^{X) is free 
over R. 

Most of our results have analogues for equivariant cohomology with compact 
supports, denoted by ci-^)j ^^'^ equivariant homology with closed supports, de- 
noted by hJ'^{X). Moreover, Poincare duality and Poincare-Alexander-Lefschetz 
duality can be used to combine different supports. We extend Poincare-Alexander- 
Lefschetz duality to our equivariant setting and formulate it in terms of spectral 
sequences. 

Theorem 1.5. Let X be an oriented n-dimensional rational homology manifold 
with a T-action, and let 

= X_i C Xo C • • • C = X 

he a filtration by locally contractihle, closed invariant subsets. Then taking the cap 
product with the equivariant orientation ot induces an isomorphism (of degree —n) 
from the Ei page on between the spectral sequences 

(1.5) El^H-^^,{Xp,Xp^,) Hl,{X), 

(1.6) El^Hj{X\Xj,^^,X\Xp) ^ Hj{X). 

(Here E\ refers to the p-th column of a spectral sequence, considered as R- 
module.) We use Poincare-Alexander-Lefschetz duality in Proposition 16.81 to gen- 
eralize a result of J. Duflot [12] from smooth actions on manifolds to continuous 
actions on homology manifolds. 
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The paper is organized as follows: In Section [2] we collect some results from 
algebra that we will need later on. In particular, we discuss Cohen-Macaulay mod- 
ules, syzygies and the Koszul resolution. In Section[3]we review the singular Cartan 
model for T-equivariant cohomology and introduce equivariant homology. As in the 
non-equivariant theory, homology and cohomology are related via a universal coef- 
ficient theorem and via Poincare duality. In Section [3] we prove our main result, the 
spectral sequence version of Theorem 11.21 Section [5] contains consequences of the 
main result, in particular to the partial exactness of the Atiyah-Bredon sequence 
and to Poincare duality spaces. The extension of our results to cohomology with 
compact supports and homology with closed supports is discussed in Section [51 We 
conclude with two examples in Section [3 

2. Algebraic background 

2.1. Standing assumptions. Unless specified otherwise, we work over a ground 
field k of arbitrary characteristic, and all tensor products are taken over k. The 
letter R denotes a polynomial ring in r indeterminates of degree 2 with coefficients 
in k, and m < i? its maximal graded ideal. All i?-modules are assumed to be 
graded. We consider k as an i?-module (concentrated in degree 0) via the canonical 
augmentation. For an i?- module M and an / e Z the notation M[l] denotes a 
degree shift by I, so that the degree I' piece of M[l] is the degree I' — I piece of M. 

In the following subsections we review some notions from commutative algebra. 
Apart from the references given below, the reader might also find the summary of 
results in PI App. A] helpful. They were compiled with applications in equivariant 
cohomology in mind. 

All i?-modules are assumed to be finitely generated for the rest of this section. 

2.2. Cohen— Macaulay modules. Let M be an i?-module. A sequence ai, . . . , Uj 
in R is M -regular if is not a zero-divisor in M/ (ai, . . . , ai-i)M for 1 < i < j. If 
an M-regular sequence of length r exists, then M is free over R. 

Assume M ^ 0. The depth of M is the common length of all maximal Af-regular 
sequences. One always has 

(2.1) depth Af < dimAf, 

where dimAf is the KruU dimension of the ring _R/annAf. If equality holds, one 
calls M Cohen-Macaulay. We will often make use of the following characterization, 
cf. the proof of [14, Prop. Al.16]. 

Proposition 2.1. Let M be a non-zero R-module. 

(1) dimAf is the largest integer i such that Ext^~'(Af, i?) ^ 0. 

(2) depth Af is the smallest integer i such that Ext^~* (Af, i?) ^ 0. 

(3) M is Cohen-Macaulay of dimension j if and only z/Ext^~*(M, R) — Q for 
all i ^ j ■ 

The following well-known property of Cohen-Macaulay modules will be crucial 
for us, cf. \W, Lemma 4.3] or pi, Cor. A.6.16]. 

Lemma 2.2. Let M be a Cohen-Macaulay R-module of dimension d. Then any 
non-zero submodule of M has dimension d. Equivalently, any map N ^ M of 
R-modules is trivial if dim N < d. 
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2.3. Torsion-freeness. Any free i?-niodule is torsion-free, but of course the con- 
verse is false for r > 1. We review a useful way to interpolate between these two 
notions. A good reference for this material is [51 Sec. 16E]. 

Reflexive i?-modules and syzygies have been defined in the introduction. By 
Hubert's Syzygy Theorem, an i?-module M is an r-th syzygy if and only if it is free 
over R. (This holds for not finitely-generated M as well.) 

Proposition 2.3. The following are equivalent for any R-module M and any j > 1: 

(1) M is a j-th syzygy. 

(2) Every R-regular sequence of length at most j is M -regular. 

(3) One of the following conditions holds, depending on j: 
j = 1: M is torsion-free. 

j = 2: M is reflexive. 

j > 3: M is reflexive and Ext'^(Hom;^(M, R), R) ^ for all 1 < i < j - 2. 

2.4. The Koszul resolution. The easiest way to obtain syzygies over a polyno- 
mial ring is to use the Koszul resolution 

(2.2) — ^ R[2r] ^ R[2r - 2](-i) > i?[2](i) A i? A k ^ ; 

indeed, the image of 5j is a j-th syzygy by definition. We define 

(2.3) = im S, [-2j] = ker S,^i [~2j] 

The degrees shifts ensure that Kj is generated in degree 0. For example, the 
maximal homogeneous ideal of i? is m = ^i[2], and A',. = R. (Recall that R is 
generated in degree 2.) We set Kq = k and Kr+i = for convenience. 
In Section [7] we will need the following property of the Koszul syzygies. 

Lemma 2.4. For 1 < j < r, 

{Kj+i if i = 0, 

k[^2j] ifi^j, 

otherwise. 

Moreover, any short exact sequence of R-modules 

— > R[l] — >M — > Kr-j[l'] — > 

splits if j ^ I or V ^ I — 2. 

Proof. The first claim is an easy calculation based on the self-duality of the Koszul 
resolution. The second part follows from the first and the fact that (graded) exten- 
sions of the form above are classified by the degree part of 

(2.4) Y,yit\.{Kr-j[l'],R[l]) ^Eyit\.{Kr-j,R)[l -I']. □ 

The observation that extensions of i?-modules 

(2.5) — > L — > M — > N — >0 

(with maps of degree 0) are classified by the degree part of Ext^(Af, L) is certainly 
not new, but we could not locate it in the literature. It can be proven in the same 
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Fo — > TV gives rives 



way as in the ungraded case: Any free resolution F2 
to a commutative diagram 



(2.6) 



The map /i determines a degree class in Ext)j(A^, i). This class is independent 
of the choices made, and is zero if and only if the extension (|2.5p splits. 




3. Equivariant cohomology and homology 

3.1. Standing assumptions. C* (— ) and C* (— ) denote normalized singular chains 
and cochains with coefficients in k, and and H*{—) singular (co)homology. 
We adopt a cohomological grading, so that the homology of a space lies in non- 
positive degrees; an element c S Hi{X) has cohomological degree —i. 

Throughout, T = [S^Y denotes a torus of rank r. The cohomology ring R ~ 
H*{BT) of its classifying space is a polynomial algebra on r generators of degree 2. 

All T-spaces are assumed to be Hausdorff, second-countable, locally compact and 
locally contractible. Important examples are topological manifolds, complex alge- 
braic varieties, and countable, locally finite CW complexes, each with a continuous 
T-action. 

It follows from our assumptions that every subset y C A" is paracompact, hence 
singular cohomology and Alexander-Spanier cohomology are naturally isomorphic 
for all T-pairs (AT, Y) such that Y is locally contractible. This will be a standing 
assumption on all T-pairs we consider (which automatically holds for Y (Z X open) . 

We additionally assume that the (co)homology of a space X is finite-dimensional 
over k. This is equivalent to the equivariant cohomology H^{X) being finitely 
generated over R. 

3.2. The singular Cartan model. It will be convenient to use the "singular 
Cartan model" [HI Sec. 7.3] (see also [H Lemma 5.1] and [T71 Sec. 5.1]). We recaU 
the construction. For smooth manifolds and real coefficients, the exposition could 
be simplified by substituting the usual Cartan model U^{X) — U*{X) eg) R for 
the singular Cartan model C^{X). In particular, this would avoid some technical 
difficulties addressed in Remark 1 3. II 

The normalized singular chain complex C* (T) is a (graded) commutative dg bial- 
gebra via the Pontryagin product and the Alexander- Whitney diagonal A. More- 
over C* {X, Y) and C* {X, Y) are naturally dg modules over C* (T) for any T- 
pair iX,Y). 

The k- vector spaces Hi (T) and (BT) are canonically dual to each other by the 
transgression homomorphism (T) {BT) . We choose dual bases {xi , . . . ,Xr) 

of Hi{T) and {ti, . . . ,tr) of H^{BT) as well as representatives G Ci{T) of the 
homology classes Xi. We require the to be primitive, i. e., Aa^ — ® 1 + 1 ® ai 
for all i. For example, if the basis {xi) is induced by a basis of i?i(T;Z), then 
can be the 1-simplex that wraps once around the i-th factor of the corresponding 
decomposition of T into circles. 
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For a T-pair {X,Y), consider the free i?,-module 

(3.1) Ct{X,Y) = C*{X,Y)® R. 

The assignments 

r 

(3.2) (i(7® /) = d7® / + ^ai ■7(8)ii/ 

(3.3) (7 ® /) U (7' ® /') - 7 U 7' ® //' 

turn C^{X,Y) into a dg i?-algebra, that is, a dg algebra and dg i?- module such 
that the product is i?-bilinear. (Here one uses that C* (T) is (graded) commutative 
and that the representatives are primitive.) 

We define the T-equivariant cohomology of {X, Y) by 

(3.4) H^{X,Y) = H*{C^{X,Y)) 

and, following [17^, call (|3.ip is the singular Cartan model of {X,Y). It can be 
shown that H^{X,Y) is naturally isomorphic as i?-algebra to H*{Xt,Yt), where 
Xt = {ET X X)/T denotes the Borel construction (or homotopy quotient) of X. 
In particular, H^{X) does not depend on the choices made above. 

Filtering (|3.ip by i?-degree leads to a first quadrant spectral sequence with 

(3.5) Ei^ H*{X,Y)®R ^ H^{X,Y). 

This spectral sequence is isomorphic to the Serre spectral sequence for the fibra- 
tion X Xt BT from the E2 page on, c/. the proof of [17, Thm. 4.7]. 

3.3. Equivariant homology. We define the equivariant chain complex C^{X,Y) 
of the T-pair {X, Y) to be the i?-dual of the singular Cartan model, 

(3.6) Cf(X,r) = Homfl(C^(X,y),i?). 

(Recall that a map has degree m e Z if it shifts degrees by m.) As in the non- 
equivariant case, Cj(X, Y) is a dg module over C^iX, Y) via the cap product 

(3.7) C|,(x,r)®cj(x,r)^cj(x,r), {anbm = {-i)\^\\%{a\j p) 

for a, ^ e C^{X, Y) and b G Cj(X, Y). 

The equivariant homology of {X,Y) is defined as Hj{X,Y) — H{C'^{X,Yj). 
Note that in general this is not the homology of the Borel construction Xt- For 
example, for a point X = *, H'^{X) = R is free over R whereas H^,{Xt) = 
Homis(i/|,(X), k) is torsion. We will see in Remark 13.11 that Hj{X) is bounded 
below under our assumptions on spaces. 

It turns out that iJj(X) is a suitable equivariant homology in the sense that it 
enjoys many desirable properties. For example, it is related to H^(X) via a univer- 
sal coefiticient theorem over R (Proposition 13. 3p and, in case of a Poincare duality 
space, also via equivariant Poincare duality (Proposition 13.5]) . It is therefore not 
surprising that other people have considered this or similar constructions before. 
We are aware of Jones [551 §5] (for T ~ S^), Brylinski [Hj (for intersection ho- 
mology), Edidin-Graham [131 Sec. 2.8] (for algebraic varieties and homology with 
closed supports) , van Hamel [2S] (for discrete groups) and Kreck and Tene [21] (for 
stratifolds) . Equivariant homology is also implicit in [21 p. 353]. 
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Remark 3.1. The dg i?- module Cj{X, Y) is not bounded below, which will make 
convergence of spectral sequences a delicate issue. (In contrast, the i?-dual of the 
usual Cartan model is bounded below as Vl*{X) is bounded above.) It is therefore 
useful to observe that both C^{X,Y) and Cj(X, F) are i?-homotopy equivalent 
to dg i?-modules which are free as i?-modules and bounded below. It follows that 
H^{X, Y) is bounded below as well. 

For C^{X,Y), one can take the minimal Hirsch-Brown model H*(X,Y) (E) R 
(with a twisted differential) as such a replacement [21 Cor. B.2.4] . Since Hom/i;(— , R) 
preserves i?-homotopies, the claim for Cj(X, Y) follows. 

Tensoring the i?-homotopy equivalences between C^{X, Y) and a finitely gener- 
ated free replacement A® R with k over R yields homotopy equivalences between 
C*{X^Y) and A. Hence, if one filters both dg i?- modules by i?-degree, then the 
maps of spectral sequences induced by the i?-homotopy equivalences become iso- 
morphisms from the Ei page one. The same applies to Cj(X, Y). Therefore, in any 
argument involving a comparison of spectral sequences obtained as above, one need 
not worry about convergence issues for Cj(X, Y) as one could always replace this 
complex by one which is bounded below, without affecting the pages from Ei on. 

In particular, there is a convergent spectral sequence 

(3.8) Ei=E2= H4X, Y)(E)R ^ Hf{X, Y) 

analogous to ()3.5|) . Hence any equivariant map of T-pairs {X,Y) — > {X',Y') which 
is a non-equivariant quasi-isomorphism induces an isomorphism not only in equi- 
variant cohomology (by virtue of the Serre spectral sequence p.Sp ). but also in 
equivariant homology. 

We remarked in Section that H^{X) does not depend on the choice of rep- 
resentatives Oj G Ci(T), hence neither on the chosen basis xi, . . . , Xr G Hi{T). 
Although we will not need it in the sequel, we prove the analogous statement 
for HJ{X) for the sake of completeness; an alternative proof for H^{X) will be 
given along the way. 

Proposition 3.2. Equivariant homology does not depend on the choice of repre- 
sentatives Oi. More precisely: Let ai, . . . , Or he another set of representatives, and 
denote by HJ{X) the equivariant homology defined via them. Then HJ^{X,Y) and 
H'^{X,Y) are naturally isomorphic as R-modules, for all T -pairs {X,Y). 

Proof. We have Oi — ai — d(hi) for some chains bi G C2{T), i — 1, . . . ,r. The map 

r 

(3.9) C^{X,Y)^C^{X,Y), ^®f^^®f-Y^h,--i®t,f 

i=l 

is a morphism of dg i?-modules, and the induced map between the Ei pages p.Sp is 
the identity. Hence H^{X,Y) and H^{X,Y) are naturally isomorphic. The claim 
for HJ(X, Y) follows by dualizing. □ 

3.4. Universal coefficient theorem. In the case of an ungraded coefficient ring, 
universal coefficient theorems are standard results in homological algebra. We need 
the following variant. 
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Proposition 3.3. Let {X, Y) be a T-pair. Then there are spectral sequences, nat- 
ural in {X, Y), 

i?P = ExtP(i/^(X,r),i?) ^ H^{X,Y), 
EP^ExtP,iHj{X,Y),R) => H^{X,Y), 

Proof. Since C'^{X,Y) is defined as the i?-dual of C^{X,Y), the existence of the 
first spectral sequence foUows from the following claim: Let M be a dg i?-module 
which is free over R if one forgets the differential. Then there is a spectral sequence 
converging to H*{HomR{M, R)) with E2 page ExtR{H*{M), R). 
To prove this claim, we take a (graded) injective resolution 

with total complex / and consider the double complex 

(3.10) C = HomK(M,/) with C^*' = Homi?,(M, /p)«. 

Filtering by g-degree and using the freeness of M, we see that the canonical in- 
jection Homfl(Af, i?) — !> C is a quasi-isomorphism. Filtering by p-degree instead 
leads to a spectral sequence with Ei = Hom/j(i7*(Af ), /), hence with the desired 
E2 page. 

This also establishes the existence of a spectral of the second type converging to 
the cohomology of the i?-dual of Cj(X, Y). Since H*{X, Y) is a finite-dimensional 
vector space, another spectral sequence argument shows that the canonical inclusion 

C^(X, Y) ^ RomR{Cj{X, Y),R) 

is a quasi-isomorphism. (Note that in this part we are using Remark 13. II to ensure 
naive convergence of all spectral sequences.) □ 

Example 3.4. Consider the homogeneous space X = T/T', where T' is a subtorus 
of rank r-i. Then H|,(X) = H*{BT') -. R' , hence 



(3.11) Extjj(i?^(X),i?) = 



R'[-2i] ffj=i, 
otherwise 



by a computation similar to Lemma l2.4l The universal coefficient spectral sequence 
therefore degenerates to a single column, and 

(3.12) Hf{X) = R'[-i]. 

Note that both H^(X) and H'^{X) are Cohen-Macaulay i?-modules of dimen- 
sion r ~ i. 

A generalization of this toy example in Section 14.11 will be a crucial ingredient 
for our main result. 

3.5. Poincare duality. We say that X is a k-Poincare duality space {PD space 
for short) of formal dimension n if there is a distinguished class o G Hn{X) (the 
orientation) such that the Poincare pairing (of degree —n) 

(3.13) H*{X) X H*{X) ^k, (a, /3) (a U /3, o) 

is non-degenerate. Equivalently, this pairing is perfect, which means that the in- 
duced map 

(3.14) H*{X) ^}loint{H*{X),k} ^ H^{X), a^aHo 
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is an isomorphism of vector spaces (of degree ~n). For example, compact oriented 
k-homology manifolds are PD spaces, cf. 5, §3.6]. 

Proposition 3.5. Let X be a PD space of formal dimension n. The orientation a 
lifts uniquely to an equivariant orientation ot G H^{X) under the restriction map 
HJ{X) — )■ H^{X). Moreover, taking the cap product with ot gives an isomorphism 
of R-modules (of degree —n) 

H*AX) ^ Hj{X). 

Proof. The map HJ{X) H^,{X) is the edge homomorphism of the spectral se- 
quence p.8p . Hence the first claim holds because Hn{X) ® 1 is the only term of 
total degree —n in the Ei page. 

Let ct G C^{X) be a representative of ot, so that its restriction to C„(X) is a 
representative of o. Consider the morphism of dg i?-modules 

C* (X) ^ CJiX) 

and filter both sides by i?-degree. It follows that the induced map between the 
El pages of the associated spectral sequences is the i?-linear extension of the non- 
equivariant Poincare duality map, hence an isomorphism. □ 

For a different proof of Proposition 13.51 which uses the minimal Hirsch-Brown 
model in an essential way, see ^2, pp. 352-353]. 

Remark 3.6. Equivariant Poincare duality does not necessarily translate into the 
non-degeneracy (let alone, perfection) of the equivariant Poincare pairing 

(3.15) H^{X) X H^{X) ^ R, {a,f3) ^ {aU I3,ot) 

For example, if Ht{X) is a torsion i?-module (which by the Localization Theorem 
means that there are no fixed points), then the pairing (j3.15p is trivial. This 
happens for instance in Example 13.41 unless T' = T. We will come back to this 
point in Section [5T3l 

4. The main result 

4.1. The orbit filtration. For — 1 < i < r, we define the equivariant i-skeleton Xi 
of X to be the union of orbits of dimension at most i. In particular, X^i — 0, 
Xq = X^ is the fixed point set, and Xj. = X. All Xi are closed in X. 

From now on we assume that the characteristic of our ground field k is 0. We 
also require that X be finite-dimensional and that the set {T° : x £ X} be finite, 
where T° denotes the identity component of the isotropy group T^- Moreover, 
all Xi are assumed to be locally contractible and all H*{Xi) finite-dimensional. 
This ensures that the Xi satisfy our assumptions on spaces stated in Section 13.11 
and all pairs {Xi,X.j)^ i ^ j, our assumptions on T-pairs. See Remark 14.41 below 
for a possible weakening of these assumptions. 

Proposition 4.1. For < i < r, the R-modules H^{Xi, Xi^i) and Hj{Xi, Xi^i) 
are zero or Cohen- Macaulay of dimension r — i. 

That H^{Xi, Xi-i) is Cohen-Macaulay was already crucial for Atiyah [HI Lec- 
ture 7], hence also for Bredon [6] and Franz-Puppe [19]. 
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Proof. Assume first that for all x ^ Y = Xi\Xi-i the identity component is 
a fixed subtorus T' C T and choose a torus complement T" C T. This gives a 
decomposition R = H*{BT') ® H*{BT") R' ® R" . By tautness and excision, 

H^X,,Xi^i) = lu^H^{Xi,U) = l\^H^{Y,Y nU), 

the direct limit being taken over all T-invariant open neighbourhoods U of X^^i 
in Xi, which are cofinal among all open neighbourhoods. Using that k is a field of 
characteristic and that T" acts with finite isotropy, we get 

= lu^R' (gi H^„ {Y, Y nU) =l\i^R' (g H* {Y/T" ,{Yr]U) /T") 
= R' (E)H*{X,/T",X,^i/T"). 

Because H*{Xi/T" , Xi^i/T") is finite-dimensional over k, there is a finite filtration 
of H^{Xi, Xi^i) such that each successive quotient is free over R' with trivial R"- 
action. Such a quotient clearly is Cohen-Macaulay of dimension r — i, hence the 
same is true for H^{Xi, Xi-i) by the long exact sequence for Ext. Moreover, by 
the Universal Coefficient Theorem (Proposition 

H^iX,, = i?' ® Ext5^„(i?*(X,/T", 

= i?' ® H4XjT",X,^i/T")[-i] 

is of the same algebraic type, so that this module is Cohen-Macaulay of dimen- 
sion r — i as well. {Cf. Example 13.41 ) 

In the general case, Xi\Xi^i is the disjoint union of finitely many spaces Y^, 
a G Ap such that — Tq, for all x ^ Ya and some subtorus Tq, C T of rank r — i. 
Hence 

H^{X„X,_i)^ H^{X,,X,\Y^), 

aeAp 

and we can conclude by the same reasoning as before. □ 

The filtration of X by equivariant skeletons leads to a spectral sequence converg- 
ing to H^{X). The El page is the Atiyah-Bredon sequence (jl.ip and the E2 page 
therefore H* {AB* {X)). The corresponding spectral sequence for equivariant ho- 
mology is much easier to understand: 

Corollary 4.2. The spectral sequence associated with the orbit filtration ofCj^{X) 
and converging to HJ{X) degenerates at = Hj{Xp, Xp^i) . 

Proof. By Proposition 14.11 E^ is zero or Cohen-Macaulay of dimension r — p. 
Lemma [12] therefore rules out any non-zero higher differential : E^ ^ -E'p-s- '-' 

Corollary 4.3. Ext|j(i?J(Xp, Xp/), R) = for q < p' or q > p. 

Proof. By CoroUarv 14.21 Hj{Xp,Xpi) has a filtration whose successive quotients 
are of the form H'^[{Xi, Xi^i), p < i < p' . The claim therefore follows from Propo- 
sition ST] and the long exact sequence for Ext. □ 

Remark 4.4. For a continuous torus action on a space X that is not known to be 
a T-CW complex it is not true, in general, that each Xi is locally contractible even 
when X is a topological manifold. One can easily avoid this technical difficulty as 
follows. 



12 



CHRISTOPHER ALLDAY, MATTHIAS FRANZ, AND VOLKER PUPPE 



The Alexander-Spanier cohomology of a pair {A,B) of closed invariant subspaces 
can be expressed as 

(4.1) H;,{A,B) ^\m^H^{U,V) 

where {U, V) ranges over the open invariant neighbourhood pairs of (A, B). So one 
defines 

(4.2) C^{A,B) =lu^C^{U,V) 
and 

(4.3) Cj(A, B) = Homfl(C|,(A, B),R). 

The proofs in this paper then proceed in exactly the same way, because the Local- 
ization Theorem requires Alexander-Spanier cohomology in this generality. (See, 
e.g., [H Ex. 3.2.11] for details.) Thus the results of this paper hold using this 
version of equivariant Alexander-Spanier cohomology and homology if X is Haus- 
dorff, second-countable, locally compact and locally contractible even if some of the 
equivariant skeletons are not locally contractible. 

4.2. Comparing the spectral sequences. The ground field k is still assumed 
to be of characteristic 0, and the assumptions on the orbit filtration (Xi) stated in 
Section [4.11 remain in force. 

The aim of this and the following sections is to prove the following result: 

Theorem 4.5. For any T-space X , the following two spectral sequences converging 
to H^{X) are naturally isomorphic from the E2 page on: 

(1) The one induced by the orbit filtration with Ef — H^{Xp, Xp-i), 

(2) The universal coefficient spectral sequence with E2 — Ext^(_ffJ(X), i?). 

Remark 4.6. The assumptions on k and on the filtration (Xi) are only required 
to apply Proposition 14.11 and Corollary 14.21 All results in Sections 14.11 and 14.21 are 
valid more generally for any field k and any filtration (Xi), 1 < i < r, satisfying our 
assumption on T-spaces and such that H^{Xi,Xi_i) and i?J(Xj,Xj_i) are zero 
or Cohen-Macaulay of dimension r — i. We will use this elsewhere to treat actions 
of p-tori {"ZpY , which need some further considerations. 

To begin with the proof, let 

(4.4) — > R — — > — > >F — >0 

be the minimal (graded) injective resolution of i?, cf. [7| Sec. 3.6]. Recall that this 
resolution is constructed inductively by setting M° = R, P equal to the (graded) 
injective hull of AP and AP^^ = P/AP. In particular, there are short exact se- 
quences 

(4.5) — )■ AP — > P — > AP+^ — > 0. 

Let / be the total complex associated to the injective resolution (|4.4p . 

On the dg i?- module Homi^(Cj(Ar), /) we introduce two decreasing filtrations 
O and I with 



(4.6a) 
(4.6b) 



Of -Homfl(Cj(X,Xp_i),/), 
IP = RomRiCj{X),I^P). 
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Because we cannot compare these filtrations directly, we additionally consider the 
"diagonal" filtration T) with 

(4.6c) ^ 0P n IP = HomH(Cf (X, /^f). 

We are going to show in Sections 14.31 and 14.41 that the maps of spectral sequences 
associated to the inclusions V ^ O and V ^ I become isomorphisms from, re- 
spectively, the El and E2 pages on. 

The orbit filtration also induces a decreasing filtration on C^{X), which by abuse 
of notation we denote by O as well. 

Lemma 4.7. The canonical map 

^Hom,j(Cj(X),/) 

is a quasi-isomorphism preserving the filtrations O . Moreover, the associated map 
of spectral sequences is an isomorphism from the Ei page on. 

Proof. The map above is clearly filtration-preserving. Because / is the direct sum 
of injcctivc modules, the induced map on the Eq page is 

C^{Xp,Xp^i) ^ RomR{C^{Xp,Xp^i),I). 

This map is a quasi-isoniorphism, cf. the proof of Proposition 13.31 □ 

Note that 

(4.7) i;f(I) = ExtP(ffJ(X),i?) 

because each module is injective. Together with the comparisons of V, O and I 
below this completes the proof of Theorem 14.51 as the naturality in X is clear by 
construction. To prepare for the comparisons, we state two lemmas. 

Lemma 4.8. YIouir{H^{X, Xp), 1'^) = for p > q. 

Proof. Assume that / e llomfi{H^{X, Xp), I'^) is non-zero. Because I'' is the 
graded injective hull of Af, there is an a e i? such that af(y) £ M'^ for all y £ 
Hj'{X,Xp) and ^ af e }1otjir{HJ{X, Xp), M^). But this is impossible: Using 
Corollarv l4.3l and the long exact Ext sequence coming from (|4.5p . one can show by 
induction on q that 

RomniH^iX, Xp), Af«) = Exti^(i/J(X, Xp),M^-') = ■ • ■ = Ext|j(i/f(X, Xp),R) 
vanishes for p > q. □ 

Lemma 4.9. The inclusion — induces a quasi-isomorphism 

RomRiH^{Xp,Xp^i),MP[p]) ^ RomR{H^{Xp, Xp^i), I). 

Proof. The i?-module Homfl(iJj(Xp, Xp_i), /<p) vanishes by Lemma [4.81 and so 
does Ext|,(i?f(Xp,Xp_i),i?) ioi q p by Proposition O As MP I^p is an 
injective resolution, we find Ext^(i7f(Xp, Xp_i), i?) = }iouiR{H'^{Xp, Xp^i), MP). 

□ 
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4.3. Comparing V and O. We have 

(4.8) El{V) = Homfl(Cj(X,Xp_i),P) © Homfl(Cf(Xp, p'), 

p'>P 

(4.9) El{0) = Homij(Cj(Xp,Xp_i),/). 

Filtering both Eq pages by /-degree gives spectral sequences converging to E\iV) 
and E^{0), respectively. By Lenima l478l the Ei pages of these intermediate spectral 
sequences are equal. Hence the map E\{'D) E\{(D) is an isomorphism. 

4.4. Comparing V and I. We have 

(4.10) El{V) = Homfl(Cf(X,X,_i),/'') ® Homfl(Cf(X„ X,_i), 

q'>q 

(4.11) £;o^(I)=Hom^(Cf(X),/«). 

The filtration O induces filtrations on both £^o pages, This gives spectral sequences 
converging to E^ iV) and E^ {I) , respectively, with Eq pages 

(4.12) EPE^,{V) - <^ llomn{Cj{Xp,Xp.,),I^i) if p = 

[Homfi(Cj(Xp,Xp_i),/9) ifp>g, 

(4.13) EPE'oi^) = Homfl(C7f(Xp,Xp_i),/''). 
For the second spectral sequence, we have 

(4.14) EPE^il) = Homfl(ffJ(Xp,Xp_i),/«). 

Because each /"^ is injective, CoroUarv 14.21 implies that this spectral sequence de- 
generates, EfE^il) = EP^El{I) Efil). 
For the first spectral sequence, we claim that 

^RomjiiH^iXp, Xp^i),MP) if p = q, 
otherwise. 



(4.15) EfE^,{V) 



The claim is trivial for p < q, and Lemma |4 . 81 proves it for p > q. For the case p = q, 
we filter Homfl(Cj(Xp, Xp_i), /-'') by /-degree. By the injectivity of the mod- 
ules /^, this leads to an intermediate spectral sequence whose Ei page 



(4.16) El = 



Homfl(/fJ(Xp, Xp_i), r) if s > p, 
otherwise 



can in fact be written in the first form for all s by Lemma 14.81 Hence, the claim 
follows from Lemma 14.91 and the original spectral sequence degenerates at the 
El level, too: EfE^iV) = EP^E^{V) ^ Ef{V). 

So far, we know the associated graded modules of Ei{'D) and Ei{I) induced 
by the filtration O. We keep the filtration and compute E2{'D) and E2{T) with 
the help of yet another spectral sequence, starting with EoEi{T>) — EooEo{T>) and 
similarly for I. Hence, the map EqEi{'D) — > E^Ei{I) is the quasi-isomorphism 

(4.17) HomH(//r(Xp, Xp_i), MP) ^ Homfl(//f(Xp, Xp_i), /). 

from Lemma HSl This forces El^El{V) = EP^Ef{I), hence E^{V) = E^{I). In 
plain language, the spectral sequences for the filtrations T) and I are isomorphic 
from the E2 page on. 
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5. Consequences and applications 

The ground field k is still assumed to be of characteristic in this section, and 
the assumptions of spaces spelled out in Sections 13.11 and 14.11 remain in force as 
well. 

5.1. Immediate consequences. Theorem 14.51 implies in particular that the E2 
pages of the two spectral sequences coincide. Due to its importance, we state this 
result separately. 

Theorem 5.1. For any j > 0, the j-th cohomology of the (non- augmented) Atiyah- 
Bredon sequence is 

W{AB*{X)) = Ext],(ifJ(X),i?). 

Under this isomorphism, the map H^{X) H°{AB*{X)) corresponds to the 
canonical map H^{X) — > Hom/j(_ffJ(X), i?). 

Corollary 5.2. Let X and X' be two T-spaces having isomorphic equivariant ho- 
mology. Then H*{AB*{X)) ^ H*{AB*{X')). 

Note that Corollary 15.21 holds, for instance, if there exists an equivariant quasi- 
isomorphism X — > X' , i. e., a homotopy equivalence for the Borel constructions. 

Remark 5.3. It is crucial for CoroUarv 15.21 that both X and X' satisfy our as- 
sumption on spaces as stated in Section 14.11 The conclusion does not hold, for 
example, for X and X' = ET x X, except if X is a locally free T-space, although 
the projection ET x X ^ X in always an equivariant quasi-isomorphism. 

Remark 5.4. Let M be a finitely generated i?-module and H*^{M) its local coho- 
mology with respect to the maximal ideal m<\ R. Local duality in this case refers 
to an isomorphism of i?-modules 

(5.1) H':.'HM) = HomM(Ext]j(M, R[r]),k) , 
cf. [H Thm. A1.9]. 

Let ^{^{XjY) = H^:{Xt,Yt) denote the homology of the Borel construction of 
the T-pah {X,Y) and Hj{AB^{X)) = YLoia^{W [AB* {X)) ,K) the homology of the 
non-augmented homological Atiyah-Bredon-sequence 

(5.2) n^AXo) ^ n^+iiXi,Xo) < — ^ n'^+,iXr,Xr-i). 

Then, by local duality, the isomorphism H^AB* {X)) = Ext]^(i/J(X), R) is equiv- 
alent to the isomorphism of i?-modules 

(5.3) i/,(AB.(X)) = i/;-^(i/J(X))[r]. 

5.2. Partial exactness. In this section we characterize when a front piece of the 
Atiyah-Bredon sequence (11. ip is exact. 

Lemma 5.5. The Atiyah-Bredon sequence (jl.ip is the Ei page of a spectral se- 
quence converging to 0. In particular, if it is exact at all but possibly two adjacent 
terms, then it is exact everywhere. 

The analogous statement holds if one localizes the Atiyah-Bredon sequence with 
respect to any multiplicative set S d R. 
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Proof. Let Y = CX be the cone over X with apex *, and consider the filtra- 
tion Yi = X U CXi, — 1 < i < r. The localized Atiyah-Bredon sequence 
(with S~'^ H^{X) in column —1) is, up to degree shift, the Ei page of the spectral 
sequence associated to this filtration and converging to S~'^H^{Y,*) = 0. Since 
higher differentials cannot connect adjacent columns, non-zero terms in only one or 
two adjacent columns of the E2 page would lead to Eoo ^ 0, a contradiction. □ 

Theorem 5.6. The following conditions are equivalent for any 1 < j < r: 

(1) The Atiyah-Bredon sequence (|l.ip is exact at H^{Xi^ Xi^i) for all —1 < 
^ < J - 2. 

(2) The restriction map H^{X) H^,{X) is surjective for all subtoriT' of T 
of rank r — j . 

(3) H^{X) is free over all suhrings H*{BT") C H*{BT) = R, where T" is a 
quotient of T of rank j . 

(4) H^{X) is aj-th syzygy. 

For i = —1, exactness at H^{Xi, Xi^i) must be read as exactness at H^{X). 
Note that by Lemma 15.51 the complete Atiyah-Bredon sequence is exact if condi- 
tion ([T]) holds for j — r, and that a finitely generated i?-module is an r-th syzygy 
if and only if it free over R. Theorem 15.61 therefore contains the Atiyah-Bredon 
result [HI Main Lemma] and its converse as special cases. 

The implication ([3]) =4> (|1]) is not a purely algebraic fact: For j — 1 and f E R 
not a product of linear polynomials, the i?-module R/{f) is free over k[a] for all 
^ a G H^{BT), but it obviously has i?-torsion. 

Proof (P) ^ dl): If j = 1, then the sequence H^{X) H^{Xq) is exact, 
which means that H^{X) is a first syzygy. For j > 2, consider a finitely generated 
free resolution 

Fj-i ^ >Fo^ H^{X) ^ 

Our assumption implies Homfl,(i?f(X), i?) = H^{X) and Ext)i{H^{X), R) = 
for 1 < j < j — 2 by Theorem 15.11 Hence the sequence 

^ H^{X) Hom^XFo, i?) ^ > Homfl(^;_i, i?) 

is exact, exhibiting H^{X) as a j-th syzygy. 

(HI =^ dSl): If Hri^) finitely-generated over H*{BT"), this is a special case of 
the implication JT]) ^ ([2]) in Proposition l2.3l Alternatively, it follows from Hilbert's 
Syzygy Theorem, which shows that it is true for not finitely-generated modules as 
well. 

([2]) ©: Since H^{X) — H^^j„{Xt'), this equivalence reduces to the familiar 
statement that H^{X) is free over R if and only if the restriction map H^{X) 
H*{X) is surjective (which holds even if H*{X) is infinite-dimensional). 

© ^ ©: We do induction on j (for all r and X simultaneously), observing that 
the case j = is void. By induction, we have H'^{AB*{X)) = for all i < j — 2. 

Recall that by the Localization Theorem (in the version of [2i Thm. 3.2.6]) one 
has an isomorphism 

S-'H^{X,,X,^,) = S-'H^{Xf,Xl,) 
for any i and any multiplicative subset 5 C i? = H*{BT), where 

X^ = {xeX : ker{H*{BT) ^ H*{BT^)) n S* }. 
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Choose a {j — l)-dimensional subtorus T' C T transversal to for all x e Xj-i. 
(This is possible because only finitely many such tori T° occur.) Set T" = T/T' 
and S C R the multiplicative set generated by H^{BT")\{Q}. Then the image 
of S in H*{BTx) contains if and only if a; ^ ^j-i- This implies Xf — ^j^n 
hence S'-^iZ-f (X^, = for i > j and therefore S'-ii7^(AB*(X)) = for 

all i i {j - 2,j - 1}. By Lemma [531 this forces S-^H^-'^iAB*{X)) = 0, too. 
Thus, it suffices to show that the localization map 

W-'^{AB*{X)) S-^W-^iAB*{X)) 

is injective, or, equivalently, that H^^^{AB*{X)) has no S'-torsion. 

Pick an a e S" and let if C T be the subtorus such that H*{BK) = R/a. By 
assumption, H^{X) is free over k[a], hence H'^{X) — H^{X)/a. By our choice 
of S, the same holds for all pairs {Xi,Xi-i), < z < j — 2, instead of X as can be 
seen from the computation of H^{Xi, Xi-i) in the proof of Proposition |4Tj Hence, 
for — l<i<j — 2 the i-th term of the Atiyah-Bredon sequence of X with respect 
to K is AB}^{X) = AB'{X) k. Note that H^{X) is free over all subrings 
H*{BK") C H*{BK), where K" is a quotient of K of rank j - 1. By induction, we 
therefore have H^{AB'^{X)) = for all i < j — 2. The universal coefficient theorem 
corresponding to the short exact coefficient sequence — >■ (Ik;[a])[2] — > k[a] — > k — > 
now implies 

ToT\^''\w^'^{AB*{X)),k) = W-^{AB*k{X)) = 0. 
Hence a is not a zero-divisor in H'-'^'^{AB* {X)). □ 

5.3. Poincare duality spaces. Let X be a PD space of formal dimension n, 
and let and ot be its equivariant orientation. As in Remark 13. 6( we consider the 
equivariant Poincare pairing 

(5.4) Ht{X) X H:^{X) ^ R, {a,l3) ^ {aU /3,ot) 

which is (graded) symmetric and of degree —n. Recall that it is non-degenerate if 
the induced morphism of i?-modules 

(5.5) H^{X) ^ KomRiH^{X),R) 

is injective, and perfect if (j5.5p is an isomorphism (of degree —n). Note that non- 
degeneracy is equivalent to the perfection of the localized pairing 

(5.6) S-^H^{X) X S-^H^{X) ^ S-'^R, 

where S = R\{0}. Moreover, the map (|5.5p corresponds to the map H^{X) 
H°{AB*{X)) by TheoremEm 

Our first observation could alternatively be deduced from a result of AUday- 
Puppe [21 Thm. 5.2.5]. 

Proposition 5.7. The equivariant Poincare pairing ()5.4p is non- degenerate if and 
only if H^(X) is torsion-free. 

Proof. As just remarked, the map ()5.5p and the restriction map H^{X) — > H^{Xo) 
have the same kernel. By the Localization Theorem (or Theorem 15. 6p . the latter 
map is injective if and only if H^(X) is torsion-free. □ 

Proposition 5.8. The following conditions are equivalent: 

(1) The Chang-Skjelbred sequence p.2p is exact. 

(2) The R-module H^{X) is reflexive. 
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(3) The equivariant Poincare pairing ()5.4p is perfect. 
They are also equivalent to the conditions in Theorem \5.6] for j = 2. 

Proof. ([T|) <^ (121) is a rephrasing of Theorem 15.61 because reflexive i?-niodules are 
exactly the second syzygies. ([1]) <^ ([3]) follows from Theorem 15.11 and equivariant 
Poincare duality. □ 

Remark 5.9. Similarly, any i?-linear map H^{X) — i? is the Poincare pairing 
with some class a G H^{X) if and only if the Chang-Skjelbred (or Atiyah-Bredon) 
sequence is exact at H^{Xo). The example given in Section [7751 shows that this is not 
always the case. This clarifies a point raised by Guillemin Ginzburg-Karshon [211 
App. C.8.2]. 

In [2 Prop.], AUday proved the following for a PD space X: If H^{X) has 
homological dimension 1, then it has i?-torsion. In particular, if r = 2, i. e., if 
T = X S^, then H^{X) is torsion-free if and only if it is free. In other words, 
if 7' ~ 2, then the Atiyah-Bredon sequence for X is exact if and only if it is 
exact at H^{X). This equivalence breaks down for r > 2; see Section [7.31 for a 
counterexample. The correct generalization of AUday's result is as follows. 

Proposition 5.10. 

(1) If H^{X) is a j-th syzygy and of homological dimension at most j , then it 
is free over R. 

(2) // the Atiyah-Bredon sequence for X is exact at H^{Xi, Xi^i) for all i < 
r/2 — 1, then H^{X) is free over R. 

Proof. EH:^{X) = H^{X)[n] is of homological dimension < j, then W{AB*{X)) = 
Ext^(iJj(Ar), R) vanishes for i > j. On the other hand, if it is a j-th syzygy, then 
H^{AB* (X)) = for j < j — 2 by Theorem 15.61 Lemma [5.51 now proves the first 
claim. 

To reduce the second claim to the first, let j be the largest integer < r/2 + 1. By 
assumption, the Atiyah-Bredon sequence is exact at all positions i < j ~ 2, hence 
H^{X) is a j-th syzygy by Theorem l5.6l In particular, it admits a regular sequence 
of length j, so that its homological dimension is bounded by r — j. Now use the 
first part with r ~ j < j. □ 

6. Other supports 

6.1. Basic definitions. In this section, k again denotes an arbitrary field, and X 
a T-space. We still assume that X fulfils the assumptions on T-spaces stated in 
Section (33 except for the finiteness condition on H*{X), which will be replaced 
by a new condition below. 

Let (A., B) be a closed T-pair in X. We define the equivariant cohomology 
of {A, B) with compact supports by 

(6.1) H*T^M.B) = \h^H*^{U,V) ^ H*{C*rM,B)), 
where 

(6.2) C:i.JA,B) =h^C*T{U,V) ^ (lin^C*(C/,y)) 

and the direct limits are taken over all T-stable open neighbourhood pairs (f7, V) 
of [A, B) such that Ar\F is compact. By tautness and excision, this is easily seen 
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to be naturally isomorphic to the Alexander-Spanier cohomology of the closure 
of {A, B) in the one-point compactification of X. Hence it does not matter whether 
[A, B) is considered a closed T-pair in X or in A. 

The equivariant homology of {A, B) with closed supports is defined by taking the 
i?-dual of ((O)) . 

(6.3) B) = Hom^(Cf S), i?), 

(6.4) i7j'^(A B) = B)). 

Clearly, we have H^^^{A,B) = H*{A,B) and H^'^iA^B) = iJj(A, B) if X is 
compact. 

From now on we assume that all T-pairs {A,B) are such that ^{A, B) is 
a finitely generated i?-module (or, equivalently, H*{A,B) a finite-dimensional k- 
vector space). Note that this can be checked by computing the (equivariant) coho- 
mology of the closure of {A, B) in any compactification satisfying our assumptions 
on T-spaces. 

There are spectral sequences analogous to p.5|) and (|3.8p . 

(6.5) Ei=H*{A,B)®R ^ H^^{A,B), 

(6.6) E, = HliA, B)®R ^ H^'^A, B). 

(Here we are using that the T-stable neighbourhood pairs of {A, B) are cofinal 
among all neighbourhood pairs {U,V) such that is compact.) The Universal 

Coefficient Theorem (Proposition 13. 3p carries over to this new pair of supports. 
Moreover, by excision one has, analogously to the non-equi variant case, isomor- 
phisms of i?-modules 

(6.7) H*t.^,{A.B)=H*tM\B). 

(6.8) Hl'{A,B)^H';^''{A\B). 

Besides the cup product in ^{X) there is a well-defined map 

(6.9) C*TAX)®C*r{X)^C*r^,{X), 

hence also a cap product 

(6.10) Cf,(X)®Cj'^(X)^Cj(X) 

as well as the corresponding maps in cohomology. This cap product is used for 
equivariant Poincare duality for non-compact homology manifolds; the proof is 
otherwise analogous to the case of PD spaces (Proposition [231) and is again based 
on the non-equi variant result O §3.6]. Note that we do not assume homology 
manifolds to be connected, only that all connected components have the same 
dimension. 

Proposition 6.1. Let X he an n- dimensional oriented h-homology manifold. The 
orientation a G H^{X) lifts uniquely to an equivariant orientation ot G H'^'^{X). 
Moreover, taking the cap product with ot gives an isomorphism of R-modules (of 
degree ~n) 

H^JX) ^ HjiX). 
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6.2. Poincare— Alexander— Lefschetz duality. Classically, Poincare-Alexander- 
Lefschetz duality (also called "Poincare-Lefschetz duality") refers to an isomor- 
phism of vector spaces (of degree —n) 

(6.11) H;{A,B)=H,{X\B,X\A) 

for any closed pair {A, B) in an oriented n-dimensional manifold X, cf. [TP, §VIII.7], 
for instance. In this section we generalize this to equivariant (co)homology, and we 
also derive a spectral sequence version of it. A special feature of our approach is that 
we construct an honest chain map inducing the analogue of the isomorphism (j6.1ip . 
This seems to be new and simplifies the proof in the non-equivariant case already. 
Let X be an n-dimensional oriented k-homology manifold and let 

(6.12) = A_i C Ao C • • • C A„ = X 

be an increasing filtration of X by locally contractible, closed T-stable subsets. (In 
our applications, this will be the orbit filtration. See Remark 14.41 on how to lift 
the assumption of local contractability.) Write Xi = X\X.i, so that the decreasing 
filtration of X by the open complements of the Xi can be written as 

(6.13) A = A_i D • • • D A„_i D A„, = 0. 
The aim of this section is to establish the following result: 

Theorem 6.2. Taking the cap product with the equivariant orientation ot induces 
an isomorphism from the Ei page on between the spectral sequences 

(6.14) i?f = i7f,(Ap,Ap_i) =^ i/f,(A), 

(6.15) = i7j(Ap_i,Ap) ^ hJ{X). 
Similarly, the spectral sequences 

(6.16) i?f = i7j'^(Ap,Ap_i) ^ i/J'^(A), 

(6.17) £;f = ff;(Ap_i,Ap) ^ i/f(A) 
are isomorphic from the Ei page on. 

Let U — ([/-I, ?7o, . . . , Urn) be an increasing sequence of open subsets of A such 
that X\U-i is compact and Xi C Ui for all i. Any such sequence determines an 
open cover 

(6.18) iY= {[/o,C/i\Ao,...,?7,„\A,„„i} 

of A. We write C*{X\U) for the complex of iY-small cochains and similarly 
C^{X \ U) = C* {X \ U) ® R for the corresponding singular Cartan model. 

Lemma 6.3. For any —1 < i < m there is a well-defined relative cup product 

C^{X,U^\U)(E)C^{X\X,) -^C^{X\U), 

compatible with the restrictions to C^{X,Uj \U) ® Cy(A\Aj) for j > i. 

Proof. Let a G C^(A, Ui \ U) and f3 e C^{X\Xi), and consider a W-small singular 
simplex ct in A. If cr lies in Ui, then so does any face a' of it. Hence a{a') = and 
(a U /3)((7) — for any preimage /3 e C^(A) of (3. If a does not lie in Ui, then it 
lies in A\Ai since it is U-smaW, and {a U /3)(cr) is again independent of the choice 
of p. The compatibility is clear by construction. □ 
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For i > j, write 

(6.19) C^JX^X,) = lu^C^{U,,U,\Vl) 

where the direct Umit is taken over all open covers U induced by sequences U as 
above, and let C'^'''{Xi, Xj) be the i?-dual complex. Note that for i > j we have 
short exact sequences 

(6.20) ^ ,(X, X,) ^ ,(X, X,) ^ Ct,c(^*, X,) ^ 

and that the canonical maps ^{Xi, Xj) — > ^{Xi, Xj) and CT'''{Xi, Xj) 
Cj'''^{Xi, Xj) are quasi-isomorphisms by tautness. 

By passing to the direct limit in Lemma 16.31 we get the family of relative cup 
products 

(6.21) Cl,{X,X,)®C^{X\X,) ^ Cf,(X). 

Fix a representative ct G C'J''^(X) of the equi variant orientation ot G -ffJ'^(X). 
Composition of (|6.2ip with ct yields a pairing 

(6.22) C^,^{X,X,)(g)C^{X\X,) R, 
which we interpret as a map 

(6.23) C^AX,X,) ^ Cl{X\X,) = Cj{X,). 
As a result, we get the following diagram with exact rows: 

^ c^^,ix,x,) c^jx) CTAx^) 

(6.24) 

Cj(X,) . C^(X) C^{X,X,) . 0. 

We now filter C^^X) and Cj(X) by 

(6.25) 0,^C^jX,X,^i), 

(6.26) a, = Cf(X,_i) 

for < i < m. This leads to a map of spectral sequences with 

(6.27) E'„{0) = Cf ,(X„X,_i) ^ E'„{d) - Cf(X,_i,XO, 

(6.28) EliO) = H^jX„X,-i) ^ Elid) = i/J(X,_i, X,). 

Note that the map (|6.28p is independent of the choice of the representative ct- 

We show that (|6.28|) is an isomorphism by induction on the length m of the 
filtration. For to = we essentially get the equivariant Poincare isomorphism from 
Proposition 16.11 For to > consider the homology manifold X' = X\Xo. The 
induced filtration X^ = Xi\XQ has effectively only length to — 1 as Xq = 0. Any 
neighbourhood sequence U for X as above restrict to an admissible neighbourhood 
sequence U' for X' (whose entry U'_i — U-i\Xo is irrelevant), and all U' are of 
this form. The same applies to open covers U'; the set U'_i is irrelevant for U'-small 
simplices because it is contained in Uq\Xq = Uq. We assume that the canonical 
image of ct in C^'''{X') has been chosen as representative c^. 
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An excision argument similar to 16.71 shows that the canonical map 
(6.29) C^^,{X,X,)^C^^,{X',X^) 

is a quasi-isomorphism for i > 0. From this and diagram (|6.24p we infer that (|6.28|) 
is an isomorphism for i = 0. For i > the diagram 

C*tJX,X,) cjix,) 

(6.30) 

(7f,(X',x:)^ Cj(X') 

commutes. Hence, the map (j6.28l) is the same in this case as the corresponding map 
between the Ei pages of the spectral sequences for X', which is an isomorphism by 
induction. 

The second part of Theorem 16.21 follows analogously by dualizing (|6.23p and the 
filtrations O and O. This finishes the proof. 

6.3. Applications to the orbit structure. All of our results in Sections [3] and [2] 
have analogues for the other pair of supports, with identical proofs. We content 
ourselves by stating the most important ones. In this section k denotes a field of 
characteristic 0, and (Xi) is the orbit filtration introduced in Section HTTI 

Proposition 6.4. ForO <i<r, the R-modules ^{Xi, X^^i) and H^''^{Xi,Xi^i) 
are zero or Cohen- Macaulay of dimension r — i. 

Corollary 6.5. The spectral sequence associated with the orbit filtration of C'^'''{X) 
and converging to ''^{X) degenerates at = H^, '"^(ATp, A"p_i). 

Theorem 6.6. For any T-space X , the following two spectral sequences converging 
to ^(X) are naturally isomorphic from the E2 page on: 

(1) The one induced by the orbit filtration with Ef = ^{Xp, Xp^i) , 

(2) The universal coefficient spectral sequence with El = Ext^(iJi '\X),R). 

Theorems 14.51 and 16.61 may be combined with Poincare duality and Poincare- 
Alexander-Lefschetz duality in various ways. The following result is an example of 
this. 

Corollary 6.7. Let X be an orientable k-homology manifold. Then the following 
spectral sequences are isomorphic from the E2 page on: 

Ef = H^iXp^i,Xp) ^ Hj{X), 

EP = ExtP,iH^iX),R) ^ H^{X). 

Proof. Let n = dimX. By Theorem 16.21 the first spectral sequence is isomorphic, 
from the Ei page on, to the spectral sequence 

(6.31) E'l^H^jXp,Xp^i)[~n] ^ H^jX)[~n]. 
By Poincare duality, the second spectral sequence is isomorphic to 

(6.32) El^Extl,{H^-%X),R)[-n] ^ H^^,{X)[-n]. 

Hence the claim follows from Theorem 16.61 □ 
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Let X be an n-dimensional difFerentiable manifold with a smooth T-action. Since 
Xp\Xp-i is an invariant submanifold of Xp-i = X\Xp-i (whose components might 
not aU have the same dimension), one has an equivariant Thom isomorphism 

(6.33) H^{Xp^i,Xp) = H^{Xp\Xp^i), 

up to degree shifts. (In the orientable case, this is of course a consequence of 
Theorem 16.21 ) Consider the decreasing filtration 

(6.34) TP = kcT{H:^{X) ^ H^{Xp)) 

of ff* (X). In [HI Thm. 1], J. Duflot showed that the map H^{X) H^{Xp) is 
surjective for any p, and that the sequence 

(6.35) ^ TP ^ TP-^ ^ H^iXp\Xp-i) ^ 

is exact. Using (|6.33p . these conditions can be seen to be equivalent to the degen- 
eration of the spectral sequence coming from the filtration {J-p) at the Ei page. 

We can generalize this result to continuous actions on homology manifolds. Un- 
like fl2j, we have to make an orientability assumption in order to use our version 
of Poincare-Alexander-Lefschetz duality. 

Proposition 6.8. Let X be an orientable k-homology manifold. Then the spectral 
sequence associated to the filtration (Xi) and converging to H^(X) degenerates at 
the El page. 

Proof. By Theorem 16. 21 this spectral sequence is isomorphic, from the Ei page on, 
to the spectral sequence converging to HJ''''{X) with EP = Hj^''^{Xp, Xp^i). The 
latter degenerates by C or oUarv 16.51 □ 



7. Examples 

7.1. Motivation. In this section we are going to construct examples that illustrate 
our results, in particular the criteria for (partial) exactness of the Atiyah-Bredon 
sequence given in Theorem 15.61 and Proposition 15. 1UI (P|1. 

By Theorem 15.61 partial exactness is related to syzygies, and examples of those 
come from the Koszul resolution, cf. Section 12.41 In the context of equivariant 
cohomology, the Koszul resolution appears as the page E^ = Hp{T)®R of the Serre 
spectral sequence for X = T. Up to degree shifts, the differentials d^' EP E^^^ 
are isomorphic to the maps 5p in (j2.2p . 

Here we have used the special case X ^ T of the following general fact: The 
differential c?2 of the Serre spectral sequence p.5p for a T-space X is determined by 
the action of Hi(T) on H*{X). In fact, using the dual bases ai, . . . , for Hi{T) 
and ti, . . . , tr for H'^{BT) introduced in Section [H?^ the differential can be written 
in the form 

r 

(7.1) d2([7]®/) = E[°^-^]®*^/' 

i=l 

cf. the definition of the differential (|3.2p in the singular Cartan model. 

Our strategy therefore is to find T-spaces X whose cohomology H*{X) contains 
suitable pieces of H* (T) , including an isomorphic action of Hi (T) . 
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7.2. Toric varieties. Let X be a T-space such that H^{X) is not free over R. By 
Atiyah and Bredon's result and Lemma 15.51 this means that the Atiyah-Bredon 
sequence must be non-exact at two non-adjacent positions. In this section we 
construct, for any r > 1, a "minimally non-exact" example in the sense that 

{k if i = r - 2, 

k[-l] ift = r, 
otherwise, 

where AB *{X) denotes the (augmented) Atiyah-Bredon sequence In partic- 

ular, H^{X) will necessarily be an (r — l)-st syzygy by Theorem 15.61 

Let X = {CF^Y \ {(JV, ...,N),{S,..., S)}, where N and S are the two fixed 
points for the standard action of on CP^ = S*^, and let T — (S^Y act on X 
by the restriction of the componentwise action. We obtain a smooth non-compact 
toric variety. For r = 1, we have X = C\{0}, and (|7.2p clearly holds. We therefore 
assume r > 2 in what follows. 

The (co)homology of X is 

{k(') if j = 2i < 2(r - 1), 
k ifj = 2r-l, 
otherwise. 

Let tt: AT — > X/T ^ Q he the quotient map. Note that Q is an r-dimensional 
cube /'' = [0, 1]"" with two opposite vertices vn, vs removed. As for any toric variety, 
the quotient map admits a section. Specifically, /'' can be embedded into {S'^Y by 
sending each interval / to a meridian of the corresponding sphere, and this map 
restricts to a section l: Q ^ X. 

According to ([7^ . the map {X) H^-^{X) induced by any a e Hi{T) is 
necessarily trivial unless j — 2r — 1. Translated into cohomology, the following 
lemma says that for j = 2r — 1 this action looks exactly like the one between the 
two top degrees of H*{T). 

Lemma 7.1. There are isomorphisms of vector spaces fr-i ■ H^_i{T) H2r-2{^) 
and fj.'. Hj.{T) — >■ i?2r-i(A) such that the following diagram commutes for ev- 
ery a € Hi (T) : 

Hr-l{T) %i H2r-2{X) 



(7.4) 



Hr{T) 



H2r-l{X) 



Proof. Let S* C Q be the union of the (r — 2)-dimensional faces of not containing 
Vn or Vs- Topologically, this is an (r — 2)-sphere, and the cone C over it with 
apex, the centre of is an (r — l)-disc. The quotient Q can be deformed into C 
in such a way that the following property holds: The faces visited by any point 
during the deformation retraction form a descending chain with respect to inclusion. 
This implies that the retraction can by extended to a T-equivariant deformation 



retraction of X onto Y 



\C). 
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Now Y is obtained from the 2(r — 2)-dimcnsional preimage of S by attaching an 
equivariant ceU 13''"^^ x T of total dimension 2r — 1. Therefore, the map 

(7.5) H,{X) = H,{Y) ^ H,{^~\C),n-\S)) 

is an isomorphism in degrees j = 2r — 2 and 2r — 1. 

For I < i < r, consider the (r - l)-cube P, = p-^ x {1/2} x p-\ The 
inclusion Pi ^ Q extends to an equivariant inclusion 

(7.6) V^'' : T ■ l{P,) = {S^y-^ x x {S'^Y"' ^ X. 
It is not difficult to verify that the images 

(7.7) h ^ 4>^\{S^r-^ X {1} X [Sy-^]) = [a^...Z,...ar-L{P,)\ 

form a basis of H2r-2{X) = H2r-2{{S^Y)- Moreover, each bi is annihilated by 
all aj € Hi(T) with j i, and Gi-bi is the image of the fundamental class of r-i(Pi). 
Since Pi can be deformed within Q to C in the same way as above, we get 

(7.8) {~iy-^a, ■ 6, = [ai ■ • ■ a, ■ i(C)] - [Y] £ H2r-i{X). 

Hence, we may define fr-i{ai ■ ■ -a-i ■ ■ ■ a^) = (— l)*^^6i for 1 < i < r and 
/r(ai • ■ • a,.) = \Y] to validate the claim. □ 

Consider now the Serre spectral sequence converging to H^{X) with E2 page 
H*{X) ® R. The only non-zero differential on this page is ^2 : H'^^~^{X) ® R ^ 
H^^^^{X) (X) R. By the dual version of Lemma [7.11 and the remarks made in Sec- 
tion [73] this is isomorphic to the differential Sr between the last two pieces of the 
Koszul resolution (|2.2p . Hence, 

if j = 2i < 2(r- 2), 
Kr-i ifj = 2(r-l), 



(7.9) Ei 

otherwise 



is concentrated in even degree, so that the spectral sequence degenerates. We obtain 
a short exact sequence 



r-2 



(7.10) ^ 0i?[2z]('O H^{X) ^ Kr-i[2{r - 1)] 0, 

1=0 

which splits by Lemma [2.41 We thus get 

r-2 

(7.11) H^{X)^@R[2ip ®Kr-i[2{r-\)l 

1=0 

which is valid for r = 1 as well. In particular, H^{X) is an (r — l)-st syzygy, and 
the Atiyah-Bredon sequence for X is exact at positions i < r — 3. 

The space Y considered in the proof of Lemma [7.11 has no (r — l)-dimensional 
orbits, and the free part comes from attaching an equivariant cell D^'^^ x T. Since 
Y is compact and T-homotopy equivalent to X, we can use Corollarv l5.2l to obtain 
H'-^(AB*{X)) = i/^-i(AB*(y)) = and H''(AB*{X)) = H''(ABI{Y)) = k[-l]. 
Lemma [^3] forces the missing value H'^^^{AB* {X)) to equal k and establishes (|7.2p . 

Similar to the preceding computation, one can compute the equivariant homol- 
ogy HJ'{X) by means of a spectral sequence with E2 page 7J»(X) (gi R. Here no 
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extension problems arise, and one finds 

r-2 

(7.12) iJJ(X) ^0i?[-2i](-) ©i^2[-2(r-l)]®k[-(2r-l)], 

4=0 

which again holds for r = 1 as well. To confirm Theorem l5.6l we invoke Lemma 
and obtain for r > 3 

'©:=o R['^iP ® Kr-Mr - 1)] if z = 0, 

if i = r - 2, 
k[-l] ifi = r, 

. otherwise. 



(7.13) Ext'^(i7f(X),i?) 



For r = 2 one has Ext5f (i/J(X), R) = . 

This example also illustrates the following point: 

Remark 7.2. Assume that H^{X) is not free. Then the equivariant homol- 
ogy iJj(X) may well have i?-torsion, even if H^{X) is "as close to being free 
as possible", that is, an (r — l)-st syzygy. In particular, that H^{X) is reflexive 
does not imply that H'^{X) is so, nor that it is the i?-dual of H^{X). 

Remark 7.3. Instead of two fixed points one could remove small T-stable open 
neighbourhoods of them from {S'^Y . This way one would obtain a smooth mani- 
fold Y equivariantly homotopy-equivalent to X which is compact and with bound- 
ary instead of non-compact without boundary. It follows from Proposition 15. 10I (P|) 
that there is no Poincare duality space satisfying (|7.2p for r > 2. 

We know turn to cohomology with compact supports and homology with closed 
supports. Applying Poincare duality to (|7.1ip and (|7.12|) . one finds 

r-2 

(7.14) H^,ciX) - i?[2(r - i)p © Xap] ® k[l], 

2 = 

r-2 

(7.15) H^^^iX) - R[~2{r - © Kr-i[-2], 

i=0 

hence 

\®ZoR[n^-i)P ®K2[2] ifi = 0, 

(7.16) Extj^(i7j'^(X), i?) = <^ k if i = 1, 

[ otherwise 

by Lemma [HH 

The Atiyah-Bredon sequence for X with compacts supports is exact at posi- 
tions i >2. This follows from (|6.7p and the exactness of the corresponding sequence 
for CP''. Since H^^{AB*{X)) is the torsion submodule of ^(X), the remaining 
terms are dictated by the analogue of Lemma 15.51 for compact supports. Thus, 



if i = -1, 

(7.17) W{AB*{X)) ^ <( k if i = 1, 

otherwise, 

which matches (|7.16p . 
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7.3. Mutants. Let X be the 7-dimcnsional "mutant" constructed in [IB]. This is 
a compact orientable manifold with a smooth action of the torus T = (S^)^. It is 
homeomorphic to the connected sum of 3 copies of x S'^, hence its cohomology 
groups are 

{k if i = or 7, 
k3 if i = 3 or 4, 
otherwise. 

The action of Hi{T) between H*{X) and H^{X) is isomorphic to that between 
H'^{T) and H^{T) in the sense of Lemma [73] As shown in [18_, the Serre spectral 
sequence degenerates on the page, and the equi variant cohomology 

(7.19) H^{X)^R®K^[^®K-i[Q\®R[7] 

(7.20) = i? © m[l] © i?[6] © i?[7] 
is torsion-free, but not free. By Poincare duality, we get 

(7.21) -ffj(^) = R® ^[-1] © m[-6] © i?[-7], 
hence 

fi? © i?[l] © i?[6] © i?[7] ifj^O, 

(7.22) Ext],(ijJ(X), R)=K if i = 2, 

[ otherwise. 

As H^{X) is not free over i?, the Atiyah-Brcdon sequence cannot be exact. In fact, 
one finds that its cohomology is 



(7.23) H\AB*{X))^ 



which matches ([7^ and ([7^ . 

Remark 7.4. In all examples presented, the cohomology of the augmented Atiyah- 
Bredon sequence exhibits some sort of symmetry. This is not a general feature. A 
counterexample is the product X x X of the mutant with itself together with the 
canonical action of T x T. To compute H*{AB*j,^rp{X x X)), one can use that 
the cohomology of the non- augmented Atiyah-Bredon sequence is compatible with 
products, 

(7.24) H*{AB^^j^{X X X)) = H*{AB^{X)) © H*{AB:^{X)) 

and use this to compute H'^{AB'^^rj.{X x X)). 
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